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Lectures so Far

• History of the pursuit and study of intelligence.

• Learning and sampling via analytic methods, denoising,
and/or compression.

• Objectives for representation learning: information gain.

• Deep neural networks via information gain optimization.

This lecture: novel deep architectures!

Use prescriptive theory to build novel architectures with
empirical benefits. Plus, open problems!
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Recall: Unrolling for CRATE

• Unrolled optimization: each layer conducts
an optimization step, stylized as

Zℓ+1 ← Zℓ − κ∇ZRℓ(Zℓ)

on the sparse rate reduction objective.

• Two step procedure:
• Compression:

Zℓ+1/2 ≈ Zℓ − κ∇ZR
c(Zℓ | U ℓ

[K])

• Sparsification:

Zℓ+1 ≈ arg max
Z : Zℓ+1/2≈DℓZ

{R(Z)− λ∥Z∥1}

≈ arg min
Z

{
1

2
∥Zℓ+1/2 −DℓZ∥22 + λ′∥Z∥1

}
[Yu+23]



Causal CRATE?

Question: How to incrementally optimize the sparse rate
reduction one token at a time?

SRR(Z | U[K]) := R(Z)−Rc(Z | U[K])− λ∥Z∥1
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Causal CRATE

• Causal unrolled optimization: each layer
conducts an optimization step for each
token t, stylized as

zℓ+1
t ← zℓ

t − κ∇ztRℓ
t(Z

ℓ
:t),

where Zℓ
:t := [zℓ

1, . . . , z
ℓ
t ].

• Two step procedure for each token t:
• Compression:

z
ℓ+1/2
t ≈ zℓ

t − κ∇zt
Rc(Zℓ

:t | U ℓ
[K])

• Sparsification:

zℓ+1
t ≈ arg min

zt

{
1

2
∥zℓ+1/2

t −Dℓzt∥22 + λ′∥zt∥1
}

[Yu+23]



Causal CRATE: Compression Operator

If (Uk)
K
k=1 ≈ orthogonal + p/w ≈ orthogonal + ≈ support Z:

∇ztR
c(Z:t | U[K]) = [∇Z:tR

c(Z:t | U[K])]et

≈ β

[
Z:t − β

K∑
k=1

Uk(U
⊤
k Z:t)(U

⊤
k Z:t)

⊤(U⊤
k Z:t)

]
et

= β

[
zt − β

K∑
k=1

Uk(U
⊤
k Z:t)(U

⊤
k Z:t)

⊤(U⊤
k zt)

]

Gradient shaping/”non‐parametric autoregression”:

∇ztR
c(Z:t | U[K]) ≈ β

[
zt − β

K∑
k=1

Uk(U
⊤
k Z:t) softmax

{
(U⊤

k Z:t)
⊤(U⊤

k zt)
}]
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Causal MSSA

∇ztR
c(Z:t | U[K]) ≈ β

[
zt − β

K∑
k=1

Uk(U
⊤
k Z:t) softmax

{
(U⊤

k Z:t)
⊤(U⊤

k zt)
}]

Causal Multi‐head Subspace Self‐Attention:

MSSA(zt | U[K],Z:t−1) := β
[
U1, . . . ,UK

] (U
⊤
1 Z:t) softmax{(U⊤

1 Z:t)
⊤(U⊤

1 zt)}
...

(U⊤
KZ:t) softmax{(U⊤

KZ:t)
⊤(U⊤

Kzt)}


where Z:t = [Z:t−1, zt].

z
ℓ+1/2
t := (1− βκ)zℓ

t︸ ︷︷ ︸
residual

+βκMSSA(zℓ
t | U ℓ

[K],Z
ℓ
:t−1)︸ ︷︷ ︸

causal attention‐like w/ cache
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Causal CRATE: Sparsification Operator

Exactly the same as CRATE!

zℓ+1
t = ISTA(z

ℓ+1/2
t |Dℓ).
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Causal CRATE Experimental Results

Validation cross‐entropy loss after pre‐training a LLM:

Interpretability scores:

Causal CRATE achieves close performance and superior
interpretability at similar compute costs.

The best performance of all similar mathematically
derived architectures by far!

[Yu+23; BM24]



Causal CRATE: Open Problems and Future Work

The performance lags in text more than vision.

What is a sparse rate reduction‐type objective and opti‐
mization strategy for time‐series data (e.g., text/video)?

• Our best guess: Objective should also encourage (zt)
N
t=1 to

have organized dynamics.

• Work is ongoing on this.
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Improving Scaling Laws in CRATE: CRATE-α

Major bottleneck: DictionaryDℓ is square (complete).

Why not make it overcomplete (wide)?
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Sparsification Block in CRATE-α

• Overcomplete dictionary learning block: two iterations of
ISTA, initialized at 0, to get Zℓ+1/2.

• Sparse codes are now larger than inputs, so take the
denoised inputs as features.

Provides the Orthogonal Dictionary Learning (ODL) block:

ODL(Zℓ+1/2) = Dℓ ISTA(ISTA(0 | Zℓ+1/2,Dℓ) | Zℓ+1/2,Dℓ)

where

ISTA(A | Z,D) = ReLU(A−D⊤(Z −DA)− κλ1)

MSSA + ODL = CRATE‐α!
[Yan+24]



CRATE-α Experimental Results
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ToST: Linear-TimeWhite-Box Architecture

Motivation: For large #s of tokens, quadratic attention too
expensive to train on.

Idea: Use a different compression measure Rc to get a dif‐
ferent attention mechanism.

Previous compression measure explicitly parameterized low‐rank
Gaussian mixture model covariances by U[K] to group tokens.

[Wu+24]



Token Clustering Model

Cluster model:

• Use a soft assignmentΠ =
[
π1, . . . ,πK

]
∈ [0, 1]n×K of

samples to clusters

• Π1K = 1n =⇒ rows are probability vectors

Rate reduction: ∆R(Z | Π) := R(Z)−Rc(Z | Π) where

Rc(Z | Π) :=
1

2

K∑
k=1

⟨πk,1⟩
n

logdet
(
Id +

d

ε2
· Z diag(πk)Z

⊤

⟨πk,1⟩

)

Note: reduces to supervised Rc ifΠ ∈ {0, 1}n×K .
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Variational Form

Low‐rank structure still enters naturally into the picture:

Theorem ([Wu+24], Corollary 1, Simplified): For orthogo‐
nal U[K] ⊆ (Rd×p)K supporting Z:

Rc(Z,Π) ≤ Rc
var(Z,Π | U[K])

where

Rc
var(Z,Π | U[K]) :=

1

2

K∑
k=1

⟨πk,1⟩
n

d∑
i=1

log
(
1 +

d

ε2
·
[(U⊤

k Z) diag(πk)(U
⊤
k Z)⊤]ii

⟨πk,1⟩

)

This is a corollary of a more general theorem from paper.

Important: Rc
var uses just log, not logdet!

[Bae+22; Wu+24]



Gradient of Variational Form

∇ZR
c
var(Z,Π | U[K]) =

1

n

K∑
k=1

UkD(Z,πk | Uk)U
⊤
k Z diag(πk)

where1

D(Z,πk | Uk) :=
d

ε2
diag

([
1+

d

ε2
(U⊤

k Z)⊙2 πk

⟨πk,1⟩

]⊙−1
)

Minimize the upper bound:

Zℓ+1/2 := Zℓ − κ∇ZR
c
var(Z

ℓ,Πℓ | U ℓ
[K])

1In the formula, ⊙ = elementwise (e.g., squaring, inverse).
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Estimating Cluster Membership

Last step: estimatingΠ from Z.

Π(Z) =

softmax( 1τ [∥U⊤
1 z1∥22, . . . , ∥U⊤

Kz1∥22])
...

softmax( 1τ [∥U⊤
1 zn∥22, . . . , ∥U⊤

Kzn∥22])

 ∈ [0, 1]n×K

Token Statistics Self‐Attention (TSSA):

TSSA(Z) := −κ

n

K∑
k=1

UkDk(Z,πk(Z))U⊤
k Z diag(πk(Z))

Zℓ+1/2 := Zℓ + TSSA(Zℓ).
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ToST Architecture
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ToST Results
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Summary

• Different unrolling schemes, different information gain,
different optimization: =⇒ different architectures.

• Even when a novel architecture is very different from
existing architectures, it can still have good performance!

Open questions:

• How can we leverage advances in convex and nonconvex
optimization to derive better architectures?

• How to build architectures for different problems where
more bespoke representations are needed?

• How to build architectures which solve current challenges,
e.g., efficiency, continual learning, interpretability, etc?
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